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Abstract
Underground cable electrical parameters ZY as well as their modal propagation 
characteristics are highly frequency dependent which in certain cases turns its 
¢ȱĜǯȱȱȱȱȱȱȱȱȱ-
culation of electrical parameters is essential to obtain the waves propagation so-
ȱ ȱ ȱȱ ¢ǯȱȱ ȱ ȱ ȱ ȱ ȱ ȱ
ȱȱȱȱȱȱȱȱǯȱȱȱ¢ȱ
Laplace transform has an indisputable accuracy, the application of its numerical 
ȱȬȬȱȱȱȱ¢ȱǯȱȱȱ¢ȱ
is developed in this work to guide analyst engineers or graduate students in the 
ȱȱȱȱȱȱȱ¢ǯȱ¢ǰȱ
to help the validation of the numerical inverse Laplace transform a scaled proto-
type experiment is performed in the laboratory in which a transient step-respon-
ȱȱȱȱȱȱȱ£ȱȱȱǯ
Resumen 
Los parámetros eléctricos ZY de cables subterráneos y sus características de propagación 
ȱȱȱȱȱ ȱ ȱ ȱȱȱȱȱęȱȱ
análisis. Al realizar estudios de transitorios electromagnéticos en cables el cálculo de 
parámetros es primordial para obtener la solución de la propagación de ondas a través del 
sistema multiconductor. Esto a su vez requiere resolver la transformada inversa de La-
place en forma numérica. Aunque la transformada analítica de Laplace tiene una indis-
cutible precisión, la aplicación de su versión numérica no ha sido, hasta la fecha, 
totalmente aceptada. En este trabajo se desarrolla un metodología completa para guiar al 
ingeniero analista o estudiantes de posgrado al cálculo de transitorios electromagnéticos 
en sistemas de cables subterráneos. Finalmente, para ayudar a validar la transformada 
numérica inversa de Laplace se desarrolla en el laboratorio un experimento escalado pro-
totipo, en el cual se mide la respuesta transitoria a un escalón de voltaje en el extremo 
receptor de un cable energizado.
Descriptores: 
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Introduction
ȱȱȱȱȱ ǻǼȱ -
sients on buried cable systems may take into account 
ȱ ȱ ěȱ ȱ ȱ ȱ ȱ ȱ ǰȱ
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ǻȱ ȱ ¡ǰȱ ŗşŝřǲȱ ǰȱ ŗşŞŜǲȱ ǰȱ
ŗşŞŘǲȱǰȱŗşŞŞǲȱȱet alǯǰȱŘŖŖŘǲȱěǰȱŗşřŚǲȱ
£ǰȱŗşŘŜǲȱȱet alǯǰȱŘŖŖŚǲȱ¢ǰȱŗşŞśǲȱȱ
et alǯǰȱŗşşŜǲȱǰȱŗşŞřǼǯȱ¢ǰȱȱȱ
propagation functions of the cable system are highly 
Ěȱ¢ȱȱȱȱȱ ȱȱ
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¡ǰȱ ŗşŝřǼǯȱ ǰȱ ȱ ȱ ȱ ȱ
phenomenon, the ground model is evaluated in this pa-
per by means of two approaches for a qualitative com-
parison: the numerical solution of the exact Pollaczek’s 
integral and using the classical approximate formulas 
¢ȱȱ¢ȱǰȱȱȱ¢ȱ
ǻȱȱ¡ǰȱŗşŝřǲȱǰȱŗşŞŜǲȱ¢ǰȱ
ŗşŞśǲȱȱet alǯǰȱŗşşŜǼǯ
ȱ ȱ ȱ ȱ ȱ ȱ ȱ
transient step-responses at the remote-end of a buried 
ȱ¢ȱȱȱȱȱȱǻȱȱ
¡ǰȱ ŗşŝřǲȱ ǰȱ ŗşŞŜǼǯȱ ȱ ȱ Ȭ-
ponse is synthesized in this paper through the Numeri-
ȱ ȱ ȱ ǻǼȱ ǻȱ et alǯǰȱ ŘŖŖŘǲȱ
ǰȱŗşŞřǼǯ
¢ǰȱȱȱȱȱǰȱ-
lidated here through a laboratory mesurement perfor-
ȱȱȱȱ¢ȱ¡ǯ
A Benchmark case for the Electromagnetic  
Transient Analysis of Underground Cables
ȱ ȱ ȱ ȱ ȱ ȱ ȱ -
ground cable transmission systems is described by 
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ŗşŞŘǲȱǰȱŗşŞŞǲȱȱet alǯǰȱŘŖŖŘǼǱ
ȱ ȱ ǻŗǼ
ȱ ȱ ȱ ǻŗǼ
where Z and Y are the series-impedance and the shunt-
Ĵȱȱȱ ȱȱȱ ǰȱ -
¢ǯȱ ȱ ȱ ȱ ǻŗǼ and ǻŗǼȱ ȱ ǻȱ ȱ
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where
ȱ ȱ ǻŘǼ
ȱ ȱ ȱ ǻŘǼ
ȱ ȱ ǻŘǼ
C1 and C2 are the integration constant vectors determi-
ned by the boundary conditions, H± is the transmission 
system propagation function, YC and ZC are the charac-
ȱ Ĵȱ ȱ ȱǰȱ -
¢ȱǻȱet alǯǰȱŘŖŖŘǼǯ
ȱȱȱȱ¢ȱȱ-
th, l, ȱȱȱ ȱȱȱŗǰȱȱȱȱ
¢ȱȱ ȱȱ ǯȱȱȱĴȱ-
tion, relates the voltage and current responses from the 
sending end at z ƽȱŖȱȱȱȱȱȱz = lȱǻ-
ȱȱ¡ǰȱŗşŝřǲȱǰȱŗşŞŜǲȱǰȱŗşŞŘǲȱǰȱ
ŗşŞŞǲȱȱet alǯǰȱŘŖŖŘǲȱěǰȱŗşřŚǼǱ
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l YZcoth  Y  A C ȱ ȱ ǻřǼ
 l YZcsch  Y-  B C ȱ ȱ ǻřǼ
where V0(s) and I0(s) are the voltage and current vectors 
at the sending-end of the line zȱƽȱŖǯȱVl(s) and Il(s) are 
vectors of voltages and currents at remote-end of the 
transmission line or, in this case, cable system z = lǯ
$FFXUDWHFDOFXODWLRQRI=<
ȱĚȱȱȱ¢ȱ ȱȱȱŗȱȱ
three coupled loops between cables through the 
ǯȱ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formed internal and external loops between the nucleus 
ȱȱǰȱ¢ǯȱȱȱȱȱȱȱ
the impedances of the nucleus, EP insulation and the 
internal sheath, while the external loop if due to the im-
pedances of the external sheath, the PVC jacket and the 
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cylindrical cable conductors with radii rext and rint as 
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where 9int = rs-i / p, 9ext = rs-e / pȱ ȱ ȱȱ ȱ 
W = Kŗǻ9intǼuIŗǻ9extǼȱȮȱKŗǻ9extǼȱIŗǻ9intǼǯ
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integral numerically and the second is obtained using 
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cient, accurate and reliable algorithmic strategy propo-
sed in Uribe et alǯȱ ǻŘŖŖŚǼǯȱ ȱ ǰȱ ȱ ȱ
numerical integration is implemented here by using the 
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mented in this paper to verify their application accura-
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On assuming a Quasi-TEMZ propagation mode, the 
self and mutual ground-return impedance ZGǻZǼȱȱȱ
ȱ¢ȱȱȱ¢ȱǻȱȱ¡ǰȱŗşŝřǲȱ
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riable and the other variables are listed in the nomen-
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oscillations due to the complex exponential factors in 
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generic quadrature routines at certain physical variable 
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and after some algebraic manipulations, we have
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and
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Basically, the algorithmic strategy proposed in Uribe et 
alǯȱǻŘŖŖŚǼȱȱȱȱ ȱǲȱȱȱȱ¡-
nential truncation criterion and on a zero crossings 
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with a truncation limit
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trical engineering researchers have looked forward for 
many years of closed-form approximations to ZGǻΝǼȱ
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LQGXFWDQFHV
 
 
developed by Uribe et alǯȱ ǻŘŖŖŚǼȱȱ ȱ ȱȱ ȱ
establish a benchmark for calculating ZGǻZǼǯ
However, there are practical engineering cases 
when the distance between cables xȱǻȱŗǼȱȱ-
derably long, or when the cable trench is surrounded 
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¡ȱ ȱ  ȱ ȱ ȱȱ ¡ȱ
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where 	ǻΝǼ is the shunt conductance which represents 
the Ohmic losses and CǻΝǼȱ ȱ ȱ ȱ ȱ
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to the loss tangent loss factor through the electrical con-
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N is the number of relaxation terms, Wiǰȱȱȱȱę-
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matrices tracking the order of eigenvectors and eigen-
values with their previous one corresponding frequen-
¢ǯȱȱZC of the system directly depends on the relation 
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noticeably greater for the metallic conductor loops ac-
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on the product of the cable parameters ZYǯȱȱȱ
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Ĵȱȱȱȱȱ ȱYs and in the remote 
end with YRǯ
ȱȱȱȱȱǰ Vl, and the injected 
current at the sending end, Is, are related to the boun-
¢ȱȱȱ ȱȱȱśȱǻȱet alǯǰȱŘŖŖŘǼǱ
  sl IsH V ȱ ȱ ȱ ǻŗŖǼ
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¢ȱȱȱśȱȱȱȱȱ ȱȱ
ǯ
1XPHULFDO/DSODFH,QYHUVLRQ
ȱȱ ȱ ȱ ȱ ȱ ȱ ȱȱ
ȱȱ¢ȱȱȱśȱȱ¢£ȱȱȱȱ
ȱȱȱȱǻȱȱ¡ǰȱŗşŝřǲȱ
ǰȱŗşŞřǼǱ
ȱ ȱ ǻŗŗǼ
ȱ£ȱȱǻŗŗǼ leads to the numerical solu-
tion of Vz(t) at z = l where T = m't and : = n's as follows 
ǻȱet alǯǰȱŘŖŖŘǲȱǰȱŗşŞřǼǱ
ǻŗŗǼ
 
where N is the number of time samples and Vn is the 
ȱ  ȱ ȱȱȱȱĴȱ	ȱ-
ȱȱǻǰȱŗşŞřǼǯȱȱ ȱȱ
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)LJXUH)UHTXHQF\UHVSRQVHIRUWKHWZRSRUWQHWZRUN
UHSUHVHQWDWLRQLQ)LJXUHDRSHQFLUFXLWYROWDJHUHVSRQVH
EVKRUWFLUFXLWFXUUHQWUHVSRQVH
 
ȱ ȱ ǻŗŗǼ
where :ȱȱȱ¢ȱȱǯȱȱ-
cy domain discretization of VAǻǼ provokes frequency 
ȱȱȱȱǯȱȱȱȱ-
tor, cǰȱȱȱȱȱȱ¢ȱȱǯȱ
However, since Gibbs error is not completely elimina-
ȱ¢ȱȱ  ǰȱȱ ȱȱęȱ¢ȱȱȬ
ȱ ǰȱ ¡ǻcm'tǼǰȱ ȱ ǻŗŗǼǯȱ ǰȱ ȱ
selection of a value for cȱ ȱȱ ȱěǯȱȱ  ȱ
ȱȱȱȱ¢ȱȱǻŗşŞřǼǱ
ȱ ȱ ȱ ǻŗŗǼ
where T = N't is the observation time for the transient 
and H is the error level whose lower bound is determi-
ned by Nǯȱȱ£ȱ¢ȱȱ'ZȱȱǻŗŗǼȱ
is implicitly considered as follows:
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where N'ZȦŘȱȱȱȱ¢ȱȱȱ-
te representation of VAǻsǼǯȱȱ ȱȱǻŗŗǼǱ
ZS ' ' Nt2 ȱ ȱ ȱ ǻŗŗǼ
ȱ Ȭȱ ȱ ȱ ǻŗŗǼȱ ȱ ȱ ȱ ¢ȱ
while the right hand side is twice the truncation fre-
¢ǯȱȱȱǻŗŗǼȱȱ ȱȱ¢ȱ-
ȱǯ
6FDOHGSURWRW\SHODERUDWRU\PHDVXUHPHQWV
ȱȱȱ¡ȱȱȱȱ-
mented in this paper to perform a qualitative compa-
rison between the obtained voltage measurements in 
ȱȬ¢ȱȱȱȱ¢ǯȱȱȱ ȱ
ȱ ŗǯřŖŘmmŘȱ ǻŗŜȱ 	Ǽȱ ȱ ŜŖŖȱ  ȱ rȱ ƽȱ ŗǯŘśmm, 
hȱƽȱŖǯŗm, UCUȱƽȱŗǯŝŘȱȱŗŖȮŚȱ:m, UgȱƽȱŗŖŖŖ:m ǻȱ ȱ
assumed that the laboratory has a solid rocky soil 
 ȱǼǰȱȱȱȱ ȱȱ lȱ ƽȱřśm has 
ȱȱȱȱȱǯ
ȱȱ ȱȱ5V is switched at the sending 
ȱȱȱȱȱȱȱ ȱȱȬŗȱȱ
ȱ ȱ ȱ ȱ ȱ ŝǯȱ ȱ ȱ
ȱȱȱȱȱ ȱȱŘŖŘŚȱ-
lloscope at the remote end of the cable as is shown in 
ȬŘȱȱȱȱęǯ
ȱȱŝǰȱȱȱ ȱȱ-
red voltages and the synthesized Laplace voltage res-
ȱȱȱȱȱȱǯȱ
 ǰȱ
ȱȱĴȱ ȱȱȱȱ¢-
£ȱȱȱȱȱȱȱȱęǯȱȱ
ȱ ¢ȱ ȱ ȱ Ĵȱ ěȱ  ȱ
both curves is due to a mistaken measurement taken 
ȱȱȱ¢ȱȱȱ¢ǯ
Conclusions
ȱȱ¢ȱ ȱ ȱZY parame-
ȱȱȱȱ¢ȱȱȱȱȱǯȱ
Ground-return impedances have been calculated here 
by solving the Pollaczek integral through direct nume-
rical integration and with an algorithmic strategy pro-
ȱ¢ȱȱǯ
ȱ Ěȱ ȱ ¡ȱ Ȭȱ -
dels on modal propagation functions is also discussed 
ȱȱǯȱȱȱȱȱȱȱȱ
single ŗŜ	ȱ¢ȱȱȱȱȱȱȱ
ȱ¡ǯȱȱȱȱȱȱ
on the cable has been also synthesized through the 
ȱȱǯ
Both, the measured and the synthesized voltage tran-
ȱȬȱȱ ȱȱǯȱǰȱ ȱ ȱ
ȱȱȱȱȱȱȱȱȱ
ȱȱ ȱȱ¢ȱǯ
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Nomenclature
Z = ȱ¢ȱǻȱȦǼ
P0 = ȱ¢ȱȱȱȱȱǻ
ȦǼ
V = ȱ¢ȱǻSȉǼ
Un = conductor resistivity for material “n”ȱǻ̛ȉǼ
Ήn = dimension-less material “n”ȱȱĴ¢
InǻȱǼ = ęȱȱȱȱęȱȱȱ“n” order
KnǻȱǼ =
ęȱȱȱȱȱȱȱ“n” 
order
d = distance between cables, or the radius for the self 
ȱȱǻǼ
D = distance between one cable and the image of 
the other, or twice the cable depth for the self 
ȱȱǻǼ
p = ¡ȱȱȱȱȱěȱ¢ȱȱ
p=1/(jZP0VǼ
h = cable depth, or h=(h1+h2ǼȦŘ for the mutual impedance 
ȱǻǼ
x = horizontal distance between cables, or the cable 
ȱȱȱȱȱȱǻǼ
rn = ȱȱȱȱǻǼ
z = sending end or remote end of the transmission 
¢ȱǻǼ
l = ȱ¢ȱȱǻǼ
s = Laplace complex variable
Appendix 
ȱŗȱ ȱȱZGǻZǼ calculated with Pollac-
£ȱȱ ǻȱ et alǯǰȱ ŘŖŖŚǼǰȱ	ȦĴȱ-
ȱȱǻ	ȱȱ	ǰȱŘŖŖŖǼǰȱȱ
ȱ ǻǰȱ ŗşŞŜǼȱ ȱ ¡ȱ ȱ ȱ
ǻǰȱ	ȱȱ	¡ǰȱŗşşŜǼȱȱȱȱȱ¢-
ȱ ȱȱȱŗǰȱ ȱxȱƽȱřŖȱȱȱVȱƽȱŗȱȦǯ
ȱȱȱȱ ȱȱęȱ ȱȬȱ
approximations behaves well at certain ranges, while 
the same situation occurs with direct numerical inte-
gration which oscillates at certain h, r, x, V and Zȱǯȱ
ǰȱȱȱȱȱ¡ȱȱ 
ZGǻZǼȱȱȱǯ
References
ȱ
ǯǯȱȱȱȱȱ-
ȱǻȱ¢ȱǼǰȱȱȱȱ ȱ-
ǰȱǯǯȱ¡ȱřŜŘŗǰȱǰȱǯǰȱşŝŘŖŞǰȱǰȱŗşŞŜǯ
	ȱǯȱȱ	ȱǯȱȱȬǯȱBIT, 
ȱŚŖǰȱŘŖŖŖǱȱŞŚȬŗŖŗǯ
ȱ ǯǯȱ ȱ ȱ ȱ ¢Ȭȱ -
ȱȱȱȱȱǯȱIEEE 
Trans. on Power Apparatus and SystemsǰȱȱȬŗŖŗȱǻȱ
ŗǼǰȱŗşŞŘǱȱŗŚŝȬŗśśǯ
ȱǯȱȱȱȱȱȱȱ ȱ
¢ȱ ȱ ȱ ȱ ǯȱ
IEEE Transactions on Power DeliveryǰȱȱřȱǻȱřǼǰȱŗşŞŞǱȱ
ŗŖşşȬŗŗŗŖǯ
£ȱǯȱtȱȱȱȱȱȱ ȱ-
ĚȱǯȱElectrishe Nachrichten Technik, 
ȱřǰȱǻȱşǼǰȱŗşŘŜǱȱřřşȬřŜŖǯ
ȱ ǯǰȱ 	ȱ 	ǯǰȱ 	¡ȱ ǯȱ ȱ Ȭȱ ¡ȱ ȱ
	ȱȱȱȱȱǯȱIEEE Transac-
tions on Power Delivery, ȱŗŗȱǻȱřǼǰȱ¢ȱŗşşŜǱȱŗśřŜȬŗśŚśǯ
¢ȱǯȱȱȱȱȱȱȱ
-
ȱȱȱȱǰȱ¢ȱȱ
ǯǯȱ
IEEE Trans. on Power Apparatus and SystemsǰȱȱȬŗŖŚǰȱ
ŗşŞśǱȱřŝŗǯ
ěȱǯǯȱȱȱ¢ȱȱ¡ȱ-
ȱȱȱ¢ȱǯȱThe Bell System Techni-
cal JournalǰȱȱŗřǰȱŗşřŚǱȱśřŘȬśřşǯ
ȱǯǯǰȱȱǯǯǰȱȱǯǰȱ	ȱǯȱȱ
ȱ ȱȱȱ¢ȱȱ
D    E
)LJXUH$0XWXDOJURXQGUHWXUQLPSHGDQFHVIRUDEXULHGFDEOHV\VWHPDVWKHRQHVKRZQLQ)LJXUHZLWK[ PDQGV 6PD
UHVLVWDQFHELQGXFWDQFH
Laplace Synthesis Validation through Measurements on Underground Transmission Cables
Ingeniería Investigación y Tecnología, volumen XV (número 4), octubre-diciembre 2014: 575-584 ISSN 1405-7743 FI-UNAM584
ȱ ȱ ȱ ǯȱ ǯȱ Journal of Electrical 
Power & Energy SystemsǰȱȱŘŚȱǻȱřǼǰȱȱȱŘŖŖŘǱȱŘŗśȬ
ŘŘŗǯ
ȱǯǯǰȱȱǯǰȱȱǯǯǰȱ	ȱǯȱȱ-
ȱȱȱȱȱǯȱIEEE Tran-
sactions on Power DeliveryǰȱȱŗşȱǻȱŗǼǰȱŘŖŖŚǱȱřŗŜȬřŘŘǯ
ȱǯǯȱ ȱ¢ȱǱȱȱȱȱȱ
ȱ ȱȱ ȱȱǰȱȱ
ȱȱ ¢Ȭ¡ȱ ȱ¢ȱȱȱȱ¢-
ȱŗśȬŗŜȱǰȱŗşŞřǰȱǯȱŗŝŚȬŗŝŞǯ
ȱ ǯǯǰȱ ¢ȱ 
ǯǰȱ  ȱ 	ǯȱ ¢Ȭȱ
ȱȱȱȱȱ-
ǯȱIEEE Trans. on Power SystemsǰȱȱŗŗȱǻȱřǼǰȱȱȱ
ŗşşŜǱȱŗśřŞȬŗśŚŜǯ
ȱ ǯǯȱ ȱ ¡ȱ ǯǯȱ ȱ ¢ȱ ȱ -
ȱ Ȭȱ¢ǯȱProc. IEEǰȱȱŗŘŖȱ
ǻȱŘǼǰȱŗşŝřǱȱŘśřȬŘŜŖǯ
Citation for this aricle: 
Chicago citation style 
8ULEH&DPSRV )HOLSH $OHMDQGUR /DSODFH 6\QWKHVLV 9DOLGDWLRQ
7KURXJK0HDVXUHPHQWVRQ8QGHUJURXQG7UDQVPLVVLRQ&DEOHV,Q-
JHQLHUtD,QYHVWLJDFLyQ\7HFQRORJtD;9
ISO 690 citation style
8ULEH&DPSRV)$/DSODFH6\QWKHVLV9DOLGDWLRQ7KURXJK0HDVX
UHPHQWVRQ8QGHUJURXQG7UDQVPLVVLRQ&DEOHV,QJHQLHUtD,QYHVWL-
JDFLyQ \ 7HFQRORJtD YROXPH ;9 LVVXH  2FWREHU'HFHPEHU

About the author
Felipe Alejandro Uribe-Campos.ȱȱȱȱǯȱǯȱȱǯȱǯȱȱȱȱ-
ǰȱȱȱȱȱ¢ȱȱ	ǰȱȱŗşşŚȱȱŗşşŞǰȱ-
¢ǯȱȱŘŖŖŗȱȱ ȱȱȱȱȱȱ¢ȱȱȱǰȱ
ǯǯǰȱǯȱȱŘŖŖŘȱȱȱȱǯȱǯȱȱȱȱȱȱ
ȱȱ ȱȱ ȱȱȱ ȱ¡ǯȱȱȱ ȱ
 ȱ ȱȱȱȱ£ǯȱȱŘŖŖřȱȱŘŖŖŜȱ ȱȱȱȱ
 ȱȱȱ	ȱȱȱȱȱ¢ȱȱȱǰȱ·¡-
ǯȱȱ¢ȱŘŖŖŜǯȱ
ȱȱȱȱȱ	ȱȱȱȱ
ȱ¢ȱȱ	ǰȱ·¡ǰȱ ȱȱȱ¢ȱȱȱȱ-
ǯȱȱŘŖŖŚǰȱȱȱȱȱȱȱȱ¢ȱȱȱȱ¡ǯȱ
His primary interest is the electromagnetic simulation of Biological tissues for early 
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